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We explore the space of solutions of the classical equations of motion in the Eu- 
clidean electroweak theory. We sketch a topological prescription that finds known 
solutions and indicates the existence of novel ones. All spatially-varying, time- 
independent solutions are unstable. However, if we consider quantum fluctuations 
around static classical configurations, it may be possible to find stable solutions 
called quantum solitons. Such objects carry a conserved quantum number, in 
O , analogy with a topological soliton carrying a topological charge. We explain the 

, mechanism and motivation for the existence of a quantum soliton and describe our 

search for one within a spherical ansatz. We also comment on promising candidates 
t"*** ' outside the ansatz. 
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' jjj \ 1 Introduction 

ON . 

The Euclidean electroweak theory has several classical solutions, like the in- 
stanton and the sphaleron, which have rich phenomenology associated with 
them. If we restrict our attention to spatially- varying, static configurations, 
' then all known solutions are unstable and are generically called sphalerons 

(to distinguish them from stable solutions or solitons). They do not have 
any associated quantum extended-particle states. The discovery of a stable 
configuration would result in a soliton sector in the Hilbcrt space of states, in 
O |' addition to the familiar vacuum sector. There is no topological reason for sta- 

bility of a static configuration in the electroweak theory, but a non-topological 
' soliton (corresponding to a local minimum of the energy) may still exist. How- 

ever, in the absence of a topological beacon, it is difficult to search for such an 
object. If we consider quantum fluctuations around classical configurations, 
then there are compelling reasons to expect the existence of quantum solitons, 
and well-understood mechanisms to guide the search for them. Such objects 
are stabilized by having them carry a conserved quantum number, in analogy 
with topological solitons carrying a topological charge. 

In Sec. we briefly survey classical solutions in the bosonic sector of 
the Euclidean electroweak theory. We sketch a method, which uses non- 
trivial topological maps into the gauge group, to construct known solutions 
and propose novel ones. In Sec. [3] we introduce the idea of quantum solitons 
and the mechanism and motivation for their existence. We sketch an efficient 
computational method that makes it feasible to look for quantum solitons. 
We describe our search within a spherical ansatz and comment on promising 
candidates beyond the ansatz. 
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2 Solutions in the Bosonic Sector 



The bosonic sector of the electroweak theory is an SU(2) x U(l) gauged Higgs 
theory. For convenience and clarity we set the Abelian coupling strength to 
0, which decouples that sector and allows us to ignore its dynamics. The 
Lagrangian density is 

Cb = (F^F^) + ±tr ([£>^]t D ^ _ * [ tr ($1$) _ 2 ^ 2 ? (1) 

where 

Ffxv = d„W v - d„W„ ~ ig [W„, W v ] , 
= {d„ - igWJ <& , 

W M = W-y, (2) 

A is the Higgs self-interaction coupling constant and v denotes the tree-level 
vacuum expectation value of the Higgs field. The 2x2 matrix field $ is related 
to the Higgs doublet <f) by 

There are several configurations of gauge and Higgs fields that solve the 
classical equations of motion. We sketch a general prescription, which uses 
topologically non-trivial maps into the gauge group, to find known solutions 
in the Euclidean theory and motivate the existence of new ones. The basic 
idea is due to MantorP-, and it has been generalized by KlinkhameJ^. 

A finite Euclidean-action configuration is pure gauge at spacetime infin- 
ity: 

W(«0 = Ludptf M 00 ) =vU, (4) 

where U is a map from the boundary of spacetime to 5/7(2). We allow the 
configuration to have trivial dimensions, in which case it has finite action per 
unit volume of the trivial dimensions, and the domain of U is the appropriate 
subspace of the boundary of spacetime. For example, a static configuration 
has time as a trivial dimension and in order to have finite energy (action per 
unit time), it must be pure gauge at spatial infinity. Now, the third and fourth 
homotopy groups of SU(2) are non-trivial: 

U 3 (SU(2)) = Z,U 4 (SU(2)) = Z 2 . (5) 

So each map from S3 into SU(2) belongs to a homotopic class labeled by an 
integer and it cannot be continuously deformed into any map in a distinct 
class. Similarly, each map from S4 into SU{2) belongs either to the trivial 
class (which contains the trivial map) or the non-trivial class. Consider any 
topologically non-trivial map into SU{2). Identify a subspace of the domain 
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with the boundary of spacetime spanned by the non-trivial dimensions. Any 
remaining coordinates in the domain are interpolation parameters that dchnc 
a sequence of configurations. The sequence becomes a loop when we restrict 
all configurations on the boundary of the interpolation space to be the trivial 
configuration (W^ — 0, $ = vi). The non-trivial topology prohibits the loop 
from shrinking to a point. The top of the tightest non-contractible loop should 
be an unstable solution, which is generically referred to as a sphaleron. 

Here is an example of the above construction. Consider a winding 1 map 
from S3 (parametrized by the angles fa, fa, a) to SU(2): 



where fa € (0, n) and a £ (0, 2w). If we identify an S2 subspace of the domain 
with the boundary of space, we get a sequence of maps from the boundary of 
space to SU(2): 



where 6, <fi span the spatial boundary and the remaining coordinate, fa, is the 
interpolation parameter. Up 1 defines a sequence of asymptotic configurations 
(using Eq. @J , which is smoothly continued into the bulk of space for each fa . 
The configurations at the end points of the sequence (fa = 0, n) are chosen 
to be trivial (which is possible because Up 1 is the identity at the end points) 
and we have a loop of configurations. Suppose we could continuously deform 
the loop so that for every fa the configuration is trivial. Then U^(fa,0,4>) 
could be continuously deformed into the trivial map, which is impossible. So 
the loop is non-contractible and this indicates the existence of an unstable, 
static solution at the top of the tightest loop. This can be easily found by 
a straightforward continuation into all space of t he a symptotic configuration 
at fa = tt/2. It is the well-known weak sphaleroM^. It is the lowest barrier 
between topologically inequivalent vacua and its energy determines the rate 
of fermion number violating processes at temperatures comparable to the 
electroweak phase transition scale. 

If we identify the whole domain of the map in Eq. with the boundary 
of spacetime then there are no remaining interpolation parameters. Instead 
there is a topologically stable solution - the weak instanton!*'. It describes 
fermion number violation via tunneling. If we consider static configurations 
with one trivial dimension (say z) and identify an S\ subspace of the S3 do- 
main with the boundary of the x — y plane, then we get a two-para meter 
non-contractible loop of configurations, the top of which is the W-strin^^. 
Its instability detracts from its significance, especially with regard to elec- 
troweak baryogenesis where it could have played a crucial role (however, see 

sec, rot. 



U^\fa,fa,a) = e lf)lT [cos(/3i)ll + isin(/3 1 )cos(/3 2 )r 3 + 
ism(fa) sin(/3 2 ){cos(a)r 1 + sin(a)r 2 }] 



(6) 



Up 1 {6,<t>) = U { - x Xfa,6,<t>) 



(7) 
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The above procedure using a winding n map from S3 to SU(2) indi- 

171 

catc the existence of rnulti instantons, multi sphalerons 1 and winding n W 
strings. Finally, if we use a non-trivial map from S4 to SU (2) to construct 
non-contractible loops, there is evidence for novel solutions: an /* (a topo- 
logically trivial Euclidean solution with one unstable direction^, an S* (a 
static solution with two unstable directions)^ and a W* (a static solution 
with one trivial dimension and three unstable directions). We are currently 
investigating the existence and significance of these. 

Note that these topological arguments do not guarantee the existence 
of the solutions described above, because the configuration space is a non- 
compact manifold and the non-contractible loops may run off to infinity. Nor 
is it clear that two different loops give two distinct solutions. Nevertheless, 
the topology points to possible solutions in the vast configuration space and 
once we know where to look, we can verify whether a solution exists. 

We find that all known (and proposed) time-independent solutions are 
unstable. The classical bosonic sector seems to have only sphalerons and no 
solitons. Of course, the existence of non-topological solitons (corresponding to 
local minima of the energy functional) cannot be excluded. However, having 
exhausted the topological properties of the theory, we are left with no guiding 
principle to enable a search for such objects. But if we consider quantum 
effects on the classical bosonic sector, then there are compelling reasons to 
expect the existence of quantum solitons and well-understood mechanisms to 
guide the search for them. 

3 Quantum Solitons 

3.1 The Idea 

A topological soliton is a non-vacuum, static configuration that is topologi- 
cally stable. It carries a conserved topological charge which prevents it from 
decaying into a vacuum configuration with no topological charge. Analo- 
gously, it may be possible to stabilize a configuration by making it carry a 
conserved quantum number (say fermion number). We use the term quantum 
soliton to refer to any such quantum-stabilized object. 

There is a natural mechanism in the electroweak theory for the existence 
of quantum solitons. There are several known configurations in the bosonic 
sector that tightly bind fermions (quarks and leptons) in their vicinity. These 
configurations consist of classical solutions (the sphalerons discussed in Sec. 
EJ as well as non-solutions. The existence of tightly-bound levels suggests 
that it may be energetically favorable for a certain number of fermions (say 
Nf) to be trapped by such backgrounds, with a small associated occupation 

energy, Eicc f) - The binding energy could outweigh the cost in classical energy, 
E c \, to set up the configuration, i.e. E c \ + Eoaf < m fNf where ro/ is the 
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mass of each perturbative fermion. However, to be consistent to order h, we 
must also include the Casimir energy: the renormalized energy shifts of all 
the other fermion modes. For static configurations this is the renormalized 
one-loop fermion vacuum energy E™. Thus, the minimum total energy of 
Nf fermions associated with an arbitrary configuration C = {W, $} is 

E [C] = E cl [C] + ] [C] + E™ [C] . (8) 

If C decays into a vacuum configuration then it must create Nf perturbative 
fermions (ignoring anomalous violation of fermion number, which is exponen- 
tially suppressed). However, the strong fermion binding suggests that there 
exist configurations such that E^ Nf \C\ < mfNf. Then, C can decay only 
into a quantum soliton at which E^ Nf ' has a local minimum. 

The existence of such fermionic quantum solitons would provide an at- 
tractive resolution to the decoupling puzzle in the standard model (and other 
chiral gauge theories). A fermion obtains its mass through Yukawa coupling 
to the scalar Higgs via the well-known Higgs mechanism. Explicit mass terms 
are prohibited by gauge-invariance. So, as we increase the mass of a fermion 
(thereby making the denominator in the propagator suppress loop corrections) 
we also increase the Yukawa coupling which gives a corresponding enhance- 
ment from the vertices. Moreover, the heavy fermion cannot simply disappear 
from the spectrum because then anomaly cancellation would be ruined. How- 
ever, it is plausible that the large Yukawa coupling gives rise to a quantum 
soliton in the low energy theory. This carries the quantum numbers of the 
decoupled fermion and maintains anomaly cancellation using the mechanism 
described by D'Hoker and FarhP^. 



3.2 The Computational Method 

The search for a quantum soliton with fermion number Nt requires an explo- 
ration of E^ N ^ [W, $] defined in Eq. (JSJ). The renormalized one-loop fermion 
vacuum energy, E*™, is the only computationally intensive component of 
Since we are interested in heavy fermions with large Yukawa cou- 
plings, and configurations with typical widths of the order of 1/rrif, we cannot 
accurately evaluate i^ac perturbatively (using an expansion in couplings or 
derivatives). Instead we use methods involving scattering data of fermions to 
compute it exactly and efficientl y^ 

The unrcnormalized fermion vacuum energy is given by a sum over the 
shift in the zero-point energies of the fermion modes due to the background 
bosonic configuration. We write this as a sum over bound state energies, ej, 
and a momentum integral over the continuum state energies weighted by the 
change in the density of states, Ap(k), 

£vac = - g E ^ ■ i - 2 i dk v k2 + m2 f Ap{k) ■ (9) 
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The above integral is rendered finite by subtracting a sufficient number of 
terms (say N) in the Born series expansion of Ap and adding back in exactly 
the same (divergent) quantity in the form of one-fermion-loop Feynman dia- 
gram contributions with i insertions of the background potential, Ep^: 



~ E M -If dky/k*+m} Up(k) - J2 Ap (i) (fc) J 

j \ i=l / 

N 

-E4t (io) 

i=l 



Now all divergences are isolated in low-order Feynman diagrams and we per- 
form conventional perturbative renormalization in quantum field theory. We 
decompose the bare parameters in the bosonic sector, defined by the La- 
grangian in Eq. ifTJl. into renormalized parameters and countcrtcrm coeffi- 
cients, and get a (divergent) counterterm contribution, E ct , to the energy. 
We fix the regulated counterterm coefficients once and for all by specifying 
physical parameters such as the Higgs vacuum expectation value and the 
masses of the Higgs and the gauge bosons, independent of the background 
configuration. We add the counterterm contribution to the regulated Feyn- 
man diagrams contribution and remove the regulator to obtain the finite, 
renormalized energy, 

E vlc = E vac + E ct . (11) 

The change in the density of states, Ap(k), is obtained from the momen- 
tum derivative of the phase shifts, induced by the background fields, of the 
fermion scattering wave-functions, 

M*) = ^i£A?fc(*)- (12) 

G 

Here we have decomposed the scattering problem into partial waves labeled by 
G (with a degeneracy Dq), by restricting the configurations to be sufficiently 
symmetric. For any such background, the Dirac equation may be easily solved 
numerically for all G to obtain the bound states and the scattering phase shifts 
(together with their Born series) required for the computation of E vac . 

Thus, we have an efficient way to numerically compute the fermion one- 
loop vacuum energy non-perturbatively, with conventional quantum field the- 
ory renormalization in the perturbative sector of the theory. This makes it 
feasible to search for quantum solitons, which are local minima of E^ N f\ 

3.3 The Spherical Ansatz 

In this section we briefly describe our search for a q uant um soliton in the 
electroweak theory, within a spherical ansatz (see RefP^I for details) . The 
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bosonic configurations are chosen to be inv ariant under simultaneous rota- 
tions in physical space and isospin space^. This allows a partial wave de- 
composition labeled by the grand spin (vector sum of angular momentum and 
isospin) quantum number G. 

We carry out a variational search, looking for a configuration C such that 
E^[C] <rrif and £ , ^ 1 ^[C] < -E qs ., where -E q . s . is the energy of the quantum- 
corrected weak sphaleron. The first condition ensures that C cannot simply 
decay into a vacuum configuration plus a perturbative fermion. The second 
condition ensures the exponential suppression of fermion number violating 
processes. In other words, it prevents C from rolling over the weak sphaleron, 
giving up its fermion number and then rolling down to a vacuum configuration. 
Finding a configuration with these properties would guarantee the existence 
of a nontrivial local minimum of £W, i.e. a fcrmionic quantum soliton. 

In the vast configuration space of gauge and Higgs fields, we restrict our 
exploration to perturbations around backgrounds that tightly bind fermions. 
These make promising candidates for a quantum soliton as explained in Sec. 
13.11 In the spherical ansatz we know of two such configurations: twisted Higgs 
and the weak sphaleron. 

A twisted Higgs configuration has trivial gauge fields and scalar fields of 
the form 

<P = vU {1) (13) 

where is a winding 1 map from compactified space to SU(2). It is not 
a classical solution but nevertheless strongly binds a fermion. We smoothly 
interpolate from the trivial configuration to a twisted Higgs (which is possible 
as long as $^<I> vanishes at some point in space along the interpolation), using 
an interpolating parameter £, which goes from to 1: 

<P^v(l-0 1 i + v^p(-iTre- r/w T-x S j . (14) 

Here w is a variational parameter that characterizes the configuration width. 
The lowering of the occupation energy, Eoll, as the twisted Higgs is ap- 
proached is offset by the rising classical energy, E c \, and the fermion vac- 
uum energy, E™. We must investigate whether the gain in binding energy is 
washed out or not. We choose a Yukawa coupling of 10 and a Higgs mass of 
«/v2. For each value of £ we minimize EM-ESS = E cl +E£> c and with 
respect to w and plot the results in Fig. ^ If -Ew is neglected, then we have 
configurations with energies lower than the perturbative fermion for £ < 0.6, 
indicating the existence of a soliton. However, the -EJjjJ) contribution raises 
the energies to above rat. We find that in general, the fermion vacuu m en ergy 
destabilizes would-be solitons, such as those found in previous worH^. We 
find no evidence for a fcrmionic soliton, even when we consider various other 
perturbations around a twisted Higgs. 

Next we consider paths from the trivial vacuum configuration (with wind- 
ing 0) to a winding 1 vacuum configuration. Along such paths, a fermion level 
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Figure 1. Minimum one-fermion energies (in units of mj), with and without i?va? contri- 
butions, along the interpolation in Eq. 1141 



leaves the positive continuum, crosses zero at the sphaleron, and finally enters 
the negative continuum. Again the question is whether the gain in binding 
energy, as we approach the sphaleron along the interpolation, is sufficient to 
stabilize a configuration. Consider the linear interpolation given by 

$ = v(l - £)1 + , W s = C-U^djU^ , (15) 

where 

U {1) = exp (-me- r ' w r ■ xj , (16) 

and the configuration width w is a variational parameter. We choose the 
following theory parameters: Yukawa coupling of 10, Higgs mass of 
and gauge coupling of 6.5. In Fig. [21 we plot zero-fermion and one-fermion 
energies, minimized within the above variational ansatz, for different values 
of £, both with and without the E™ contributions. First consider the zero- 
fermion case with the two curves £ (0) - E 1 ^ = E ci and £K°). At £ = 1/2, the 
classical sphaleron is the configuration at which E c \ is minimum, and a distinct 
configuration minimizes E c \ + E^. This is the quantum-corrected sphaleron, 
which has an energy more than double that of the classical sphaleron (for the 
theory parameters considered). Next consider the data in the one-fermion 
sector for E^ - = E cl + E^d and E {1) , also shown in Fig.0 Since the 
classical sphaleron has an energy much smaller than m/, one would expect 
that the perturbative fermion would have a n un suppressed decay mode over 
the sphaleron, as first pointed out by Rubako\EI The E^—E^ curve indeed 
displays this decay path. The fermion vacuum polarization energy modifies 
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Figure 2. Minimum energies (in units of my) along the interpolation in Ea. llBl in both the 
zero— fermion and one-fermion sectors (with and without contributions). 



things in two crucial ways. First, the fermion quantum corrections to the 
sphaleron raise its energy to be degenerate with the fermion, as mentioned 
before. So the threshold mass is significantly increased. Second, in the plot 
of we observe that there is an energy barrier between the fundamental 
fermion and the quantum-corrected sphaleron. This indicates that even when 
the fermion becomes heavier than the sphaleron, there might exist a range of 
masses for which the decay continues to be exponentially suppressed (since 
it can proceed only via tunneling). When we consider other paths over the 
sphaleron (such as an instanton with Euclidean time being the interpolating 
parameter), we find that the energies minimized in the linear interpolation 
ansatz are not lowered significantly. Thus, the fact that the minimum- 
surface does not have a minimum in this ansatz indicates the absence of a 
fermionic soliton. 

3.4 Beyond the Spherical Ansatz 

In hindsight it is not too surprising that we do not find a quantum soliton 
within the spherical ansatz. As mentioned in Sec. 13.11 the existence of such 
solitons would maintain anomaly cancellation when fermions are decoupled 
from the electroweak theory. Without the hypercharge gauge field, the only 
anomaly is Witten's global anomaljU^ due to topologically non-trivial maps 
from S4 to SU(2). However, in the spherical ansatz, the theory reduces to a 
U(l) theory in which Il3(5t/(2)) persists as Hi(U(l)) (and so we have topo- 
logically inequivalent vacua and the weak sphaleron) but there is no remnant 
of H±((SU(2)). So, the quantum soliton that could resolve the decoupling 
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puzzle probably lies outside the ansatz. 

One route beyond the spherical ansatz is the use of non-trivial 
ILt(,S'J7(2)) to construct non-contractible loops and corresponding novel classi- 
cal sphalerons (see Sec. EJ) . We expect fermion zero-modes in these sphaleron 
backgrounds and thus the required tight-binding-mechanism exists. More- 
over, since the non-trivial topology that gives rise to Witten's anomaly is 
built into the construction of such configurations, they are promising candi- 
dates for objects that maintain anomaly cancellation in the decoupled theory. 
We are currently exploring this possibility. 

Another interesting non-spherical configuration is the W-string solution 
mentioned in Sec. [21 Our motivation goes beyond fermion decoupling. Sta- 
ble electroweak strings are a crucial ingredient in a scenario for ele ctro weak 
baryogenesis even without a first order electroweak phase transitional It is 
likely that the classically unstable W-string could be quantum-stabilized by 
having it carry fermion number. The string configuration gives rise to fermion 
zero modes and it is possible that that several massless quarks and leptons are 
trapped along the string in a stable manner. We are presently investigating 
this. 

4 Conclusions 

The bosonic sector of the electroweak theory has several classical solutions, 
which we can find using topologically non-trivial maps into the gauge group. 
All spatially-varying, static solutions turn out to be unstable. However, when 
we consider quantum-fluctuations around classical configurations, then it is 
likely that there exist quantum solitons that carry some fermion number. We 
have an efficient way of computing the energy of fermionic configurations, 
thus making a search for a quantum soliton feasible. We do not find such 
an object within a spherical ansatz. Nevertheless there are promising non- 
spherical candidates: novel classical sphalerons and electroweak strings. We 
continue to explore these possibilities. 
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